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On the Cutoff Frequency in the Conduction Mode
Electroydrodynamic Instability of a Nematic
Layer

H. M. ZENGINOGLOU, J. A. KOSMOPOULQOS, P.
L. PAPADOPOULOS and N. T. TSIMBERIS

University of Patras, Department of Physics, Patras, 26500, GREECE

The dependence of the cut-off frequency of the conduction mode electrohydrodynamic insta-
bilities. exhibited by homogeneously aligned negative dielectric anisotropy nematic liquid
crystals, on the conductivity of the nematic material, the thickness of the nematic layer and
the intensity of an orienting magnetic field, is examined. It is found that for sufficiently high
conductivity and/or large layer thickness, the cut-off frequency is proportional to the conduc-
tivity of the material, and independent of the intensity of the orienting field. Lowering the
conductivity and/or the thickness of the nematic layer results in smaller values of the ratio of
the cut-off frequency to conductivity, until a critical limit is reached beyond of which no con-
duction mode of instability has to be observed. It is found also that for given values of con-
ductivity and thickness, the effect of the orienting magnetic field is to lower the cut-off
frequency of the instability and, also, to increase the critical conductivity and thickness val-
ues.
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1.INTRODUCTION.

The electrohydrodynamic instabilities (EHDI) exhibited by (mainly
negative dielectric anisotropy and homogeneously aligned) nematic lig-
uid crystal (NLC) layers!" are manifested in two modes. Namely, the
conduction mode (CM) and the dielectric mode (DM) of EHDI. The
former is characterized by lower threshold voltages and, also, by smaller
distortion wave-numbers

v than the latter. In both
modes the threshold volt-
age of the EHDI, and its
distortion  wavenumber,
are increasing functions of
the frequency of the ap-
plied AC voltage, except
in a relatively narrow fre-
! quency range (sometimes
A r called the transition re-
gion) where the CM, be-

FIGURE 1. Frequency dependence of ~ yond of its threshold, is

the voltage thresholds. characterized also by an
upper voltage limit, which

is smaller than the threshold voltage of the DM of EHDI at the same
frequency. This situation is depicted in figure 1. As the figure suggests,
the difference between the threshold and the upper limit voltages de-
creases with increasing frequency, and becomes zero at a certain fre-
quency f,, the cut-off frequency (COF) of the CM, beyond of which no
CM of EHDI is observed. To the contrary, for the DM of EHDI there
exits no experimental evidence for such a cut-off behavior, as far as its
frequency dependence is considered.

The physical reason behind this experimental behavior is as follows. In
the CM of EHDI the space charge density of the NLC layer oscillates
around zero, following the alternations of the applied AC voltage,
whereas the director field oscillates, with small amplitude, around a
non-zero mean distortion. So, when the period of the applied voltage is
sufficiently larger than the relaxation time of the space charge of the
NLC layer, the latter has enough time to follow the applied electric
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field, and thus the CM is observable. It is obvious that at sufficiently

large frequencies, i.e. small periods of the applied AC voltage, the

situation reverses and thus the manifestation of the CM of EHDI is im-

possible.

In the DM of EHDI, on the other hand, the roles of the space charge and
the director field are reversed. Furthermore, the relaxation time of the
director field, which in this case alternates with the applied AC electric
field, is a decreasing function of the applied electric field. So, for any
frequency value, it is possible to decrease sufficiently the director re-
laxation time, by increasing the intensity of the electric field across the
layer, permitting thus its oscillations around zero, according to the alter-
nations of the applied voltage. This is why the DM of EHDI is not char-
acterized by any frequency cutoff.

The relaxation time of the space charge is proportional to the conduc-
tivity of the nematic material. So, the COF of the CM of the EHDI
should be an increasing function of the conductivity. This fact, which has
been verified experimentally, is explained also theoretically by an ap-
proximate calculation according to which there exists a proportional-
ity relation between the COF and the conductivity of the nematic mate-
rial. In this article we show that this relation is accurate to the extent
that the conductivity of the nematic matenal and/or the thickness of the
nematic layer are sufficiently large. We also show, by numerical means,
that this proportionality ceases to be valid for lower conductivity and
thickness values, and that as the conductivity of the NLC and/or the
thickness of the nematic layer decreases so does the ratio of the COF to
the conductivity. Furthermore, the calculations show that, for a given
layer thickness, there exists a critical value of the conductivity such that
no CM of EHDI has to be observed when the conductivity of the
nematic material is lesser than this critical value. The same is true for the
thickness of the nematic layer of a given conductivity. Finally, the effect
of an aligning magnetic field is examined. We conclude that, for a
nematic layer of a given conductivity and thickness, the effect of this
field is to decrease the COF. Also in the presence of such a stabilizing
field the already mentioned critical values of the conductivity and of the
thickness of the layer have larger values.

The calculations are based on the linearized two-dimensional theory of
the EHDI of nematic layers of reference ¢! Aside from some simplify-
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ing assumptions, on which it is based, this theory is more amenable to
calculations, such that we need for the problem in hand, than the more
rigorous formulations of the EHDI theory”'"!, published more recently.
These formulations are too involved to be able to lead to results analo-
gous to those exposed in the foregoing. So we prefer to have results and
to leave the question of their degree of accuracy to a future numerical
research.

2. FORMULATION.

We consider a negative dielectric anisotropy NLC layer of thickness L
(figure 2) homogeneously aligned between two conductive planes. Let
x be the axis defined by the orientation direction of the undisturbed
layer, parallel to the layer boundaries, and z the axis normal to the
layer. An AC voltage V(1) applied across the layer excites it electrohy-
drodynamically, provided
its amplitude exceeds a
threshold value, which, in
general, depends on the
frequency of the applied
AC voltage as well as on
its waveform.
The nature of the problem
we consider here forces us
FIGURE 2. System layout. to define and use the re-
duced time 7 = 5,7 and the
reduced frequency f, = f/o, instead of the time / and the frequency
S of the applied voltage, where o, is the conductivity of the NLC par-
allel to its director. Now, according to the theory of reference [5], and
after some redefinitions of the parameters involved, the differential
equations governing the dynamical behavior of the NLC layer, under
near-threshold conditions, are

j—’ +{a, + Aa, ) +bV,p =0, %Z+ Aaw+AbVr=0  (lLab)
T T
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In these equations w = &8/, where @ is the angle between the direc-
tor and the x -axis, r = pL/7,/K, where p is the space charge density
in the NLC layer and K, is the bend elastic constant of the NLC,
V, =V/n\K, is the reduced voltage across the NLC layer and

A=Kt [o, L (2)

a parameter with the dimensions of viscosity coefficient, which has a
central role in our calculations. Furthermore

a = At a,=D/¢, b = 4. % i
€. & 0y )6
2 Sk + 0 1 g6 &
a, = V = = a™l
Po— PV, Py H =g ane, &

with § = gL /n the distortion ratio of the layer, where ¢ is the distortion
wavenumber of the electrohydrodynamically excited NLC layer.

Op = 1.B°L' /K .2* 3)

where B is the intensity of the orienting magnetic field, y, is the ani-
sotropy of the magnetic susceptibility of the NLC. [n addition

E=87+1, &, =8"+0 /o, &=S"+e /¢,

éDES:+Dr/Du §KES:+K1/K3

where o is the conductivity in a direction perpendicular to the nematic
director, ¢, &, are the dielectric constants in the direction parallel an
perpendicular to the director, respectively, ¢, =g —&, the dielectric
anisotropy of the NLC supposed to be negative, D., D, are the diffu-
sion coefficients of the NLC in the direction parallel an perpendicular to

201
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the director, respectively, D, = D, /K, and K, is the splay elastic con-

stant of the NLC. Finally, in terms of the five independent viscosity co-
efficients a,,...,a; of the incompressible nematic phase we define

E=a,-a,S’ & =S +nS8  +n,
and H5a3—az_§:/§”
where
n=(a, +a,-a,)/2 LEn+a,+a, mEa ta,+a,+a;

Now, assuming a symmetric square pulse of amplitude V, as the wave-

form of the applied AC voltage, the condition for the system of equa-
tions (1) to has a non-zero solution is

sinh(a‘ +Ma + aD)} S A(a: - aD)sinh(ﬂ-) “@
4/, D 4f

where D= {[al - '{(az —ap )]2+ "'/11’11’2I/r2 }1/2

In equation (4), « = +1 refers to the CM whereas # = -1 to the DM of
EHDI. So, setting u = +1 equation (4) gives us the implicit dependence
of the amplitude V, of the applied square-pulsed AC voltage on the dis-
tortion ratio S of the EHDI and on the reduced frequency f, of the
applied voltage. Thus, for a given value of the reduced frequency, the
minimum and maximum values of V,, considered as a function of S, are
the threshold and the upper voltages, respectively, for the occurrence of
the CM of EHDI, while the respective values of § define the distortion
wavenumbers of the NLC layer under these conditions. As figure 1 sug-
gests, and the calculations confirm, the difference of these extrema of V,
decreases with increasing f,, tending to zero when the reduced fre-
quency tends to a definite value f,., which is the reduced COF of the
CM of the EHDI, for the values of the matenal parameters used in the
calculations.
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3. RESULTS.

Among the parameters defined in the previous section, A and O,
which are defined by equations (2) and (3), respectively, control the ef-
fects of the conductivity, the layer thickness and the intensity of the ori-

TR . Jod(Poise)

=

054

10*
041 A

0.24 B

0.1

fogh Q
0 : , : . : . . . : —
-10 8 -8 -4 -2 ] 20 40 80 80 100

FIGURE 3. Cutoff frequency ver- FIGURE 4. Depedence of the
sus A for different values of Qg. critical A on Qg.

enting field, on the CM of the EHDI and, especially, on the COF. Using
equation (4), and following the lines of thought sketched in the previous
section, we computed the dependence of the reduced COF as a function
of 1, for three different values of O . The material parameters used for
the calculation are those of the MBBA room temperature nematic, and
they are given in an appendix at the end of the article. The results of the
calculations are plotted in figure 3, where curves A, B and C refer to
Qp=0, 20 and 100" The main conclusions that can be drawn from
these plots are as follows: a) For sufficiently small values of the pa-
rameter (that is for sufficiently highly conducting and/or sufficiently
thick layer), the reduced COF is nearly independent of A as well as the
intensity of the orienting field. Thus, under these conditions, the COF is
essentially proportional to the conductivity of the NLC material, and the
proportionality constant does not depend on the intensity of the orient-
ing magnetic field. This fact will be shown analytically as well in the next
section. b) For any value of the parameter (J;, the reduced COF gets
smaller when increasing A. Thus for a NLC layer with moderate con-
ductivity and thickness values the COF ceases to be proportional to the
conductivity, being a more sensitive function of it. Furthermore, there

203
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exists a critical value A, of the parameter A such that for any layer with
A greater than A_ no CM of EHDI has to expected to take place. This
critical value is a very sensitive decreasing function of the orienting
magnetic field. Figure 4 depicts the dependence of A, on (,, as is cal-
culated for the case of the nematic MBBA.

4. COF FOR A LAYER WITH HIGH CONDUCTIVITY AND/OR
LARGE THICKNESS.

Assuming that the conductivity and/or the thickness of the NLC layer,
which is driven by the square pulsed AC voltage, are sufficiently large so
that the parameter A, defined by equation (3), has a sufficiently small
value, we expand the two sides of equation (4) in powers of 4 around
the value A =0, and retain terms up to first order in A . Solving, then,
the resulting equation with respect to the reduced amplitude of the ap-
plied AC voltage, and using the parameter definitions of section 2, we
get the equation

, b 4
oot o

which gives the reduced amplitude of the applied AC voltage as a func-
tion of its reduced frequency and of the distortion ratio. The minimum
value of V,, considered as a function of S, is the reduced threshold
voltage, and the corresponding value of S defines the wavenumber of
the distortion of the NLC. In order for these to work, the denominator
of the right hand side of equation (5) should be positive. So we must
have

4, ( a, j ha
~ tanh = 6
a tan af, <l+ b, (6)

The function xtanh{l/x) is a monotonically increasing function of
x .Thus for any value of S, and for the given material parameters, there
exists a number y such that the inequality (6) reduces to 4, /a, <y . As
one can easily test, for a nematic with negative dielectric anisotropy, the
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right hand side of (6), as well as a,, are increasing functions of §. Con-
sequently the same is true for vy . Thus, using the definitions of section 2,
and letting S — o, the condition (6) for the CM of EHDI to be observ-
able, becomes

e £,/€,6

“f’tanh LR /€18,

4 &t [5_1 _ ﬁ](i& : gg)
g oA &

which is an implicit relation giving us the reduced COF in the case of a
square pulsed excitation. For the nematic MBBA the right hand side of
the last relation is equal to 0.6745. Thus solving the inequality numeri-
cally we have, for the MBBA nematic, f, <0527 and, thus,
J <0.5270, . The value 0.527 is exactly the same with the one we got,
in the limit where A —» 0, when calculating the curves of figure 3.
Following a similar reasoning we can compute the reduced COF in the
limit of small values of A, for the case of a sinusoidal excitation. To do
so we consider the variables i and r to be expanded as power series of
A

y=>y A" and r= Zrnl" N

n=0 n=0

Inserting these expressions in equations (1), and equating the coeffi-
cients of equal orders in A we have

dv,

dr,
2 4ar,+bVy,=0
dr a] 0 1 rWO dT

dr,
; + alrn + bll/rvln = aDrn—l

v, +ay, +bVr =0
T

rin-l

n=12,. (8,a,b)

Assuming a sinusoidal voltage of the form V, =V _ sinw,r, where o, is
its reduced angular frequency, the first two equations give
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¥, = constant 1, = (o, sinw,7-a cosw,r)/ (a,2 + (uf)

In the second equation, and in order to have a steady solution, the arbi-
trary coefficient of the exponential term is chosen to be zero. Inserting
r, to equation (8b) with n=1 we find

- b!b‘.'alVriu _
¥, =¥, a}: " 602

r

Do+ p,V,fm]r +C cosw,7+C,sinw,7 9

where (', and C, are quantities independent of 7. According to equa-
tion (8a), the steady solution for the # is a sum sines and cosines of
w,7 and 3w,7. We assume, now, that the value of the parameter A is
sufficiently small so that the expansions (7) can be stopped at the first
order terms. So the quantities ¥, y,, r, and # describe satisfactorily
the dynamical behavior of the NLC layer. But, according to equation
(9), in order to have a steady dynamical behavior of the layer, the coef-
ficient in parentheses should be zero. Thus we have the equation

2 bb,a
V;m=po/(az‘+*c;z +le (10)
1 r

which is the analog of the equation (5) for the case of sinusoidal excita-
tion. Equation (10) makes sense provided the denominator of the right
hand side is a positive quantity. This happens when

wrz < _alz (1 +bb, /alpl)

For a NLC with ¢, <0 the quantity at the right hand side of the last
inequality is positive and an increasing function of the distortion ratio
S . Thus letting § — o, and using the parameter definitions of section
2, we get, finally, the relation

172
D A (&f_j_l
6‘\! g.L 0-41 r’] 6‘a

which gives the reduced COF of the CM, in the case of sinusoidal exci-
tation. In the case of the MBBA nematic, at 25°C, this relation gives
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J. =0.63860,, which is larger than the COF frequency for a square
pulse excitation, a fact that is already known by experiment. The last
relation has already been derived in the literature with different reason-
o134l
ing™™,

APPENDIX.

The material parameters used for the calculations, which characterize
the room temperature and negative dielectric anisotropy nematic
MBBA at 250C, are as follows.

Elastic constants'” ! K, = 861x 107 dynes, K, =666 x 107 dynes.
Viscosity coefficients!'" a, = 0.065 Poise, a, =-0.775Poise,
a, =-0.012 Poise, a, = 0.832 Poise, a; = 0.463 Poise

Electrical properties'! : g=472,¢ =525, 0//0o,=D,/D, =15,

D =5x10" cm? sec™.
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